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Abstract
Let Γ be a simple connect graph on a finite vertex set V and let A be its
adjacency matrix. Then Γ is said to be singular if and only if 0 is an eigenvalue of
A. The nullity (singularity) of Γ, denoted by null(Γ), is the algebraic multiplicity
of the eigenvalue 0 in the spectrum of Γ. The general problem of characterising
singular graphs is easy to state but it seems too difficult in this time. In this work,
we investigate this problem for finite graphs on which the dihedral group Dn acts
vertex transitively as group of automorphisms. We determine the nullity of such
graphs. We show that Cayley graphs over dihedral groups Dps is non-singular if
|H ∩Cps | 6= |H ∩ Cpsb| and |H | < p where p is a prime number and s ∈ N.
1 Introduction
All graphs in this paper are undirected, simple and finite. Let Γ = (V,E) be a graph
on a vertex set V together with a set E of edges. Two vertices v and w are said to
be adjacent in Γ if and only if {v,w} ∈ E. The adjacency matrix of Γ is the integer
matrix with rows and columns indexed by the vertices of Γ, such that the avw -entry is
equal to 1 if and only if v ∼ w and 0 otherwise. It is denoted by A. The characteristic
polynomial of A is the polynomial
CA(x) = det(xIn −A).
Here In is the (n × n) identity matrix. It is clear that the roots of the characteristic
polynomial of A equal the eigenvalues of A. Then Γ is singular if A is singular. The
1
spectrum of Γ consists of all eigenvalues of A and so Γ is singular if and only if 0
belongs to the spectrum of Γ. The nullity of Γ is the dimension of the null space of
Γ and we denote this by null(Γ). Note |V | = null(Γ) + r(Γ) where r(Γ) is the rank of
A. Hence singular graphs have a non-trivial null space.
The problem of graph singularly first arose in structural chemistry in the context of
Hu¨ckel Theory [3] and the first mathematical paper on the subject appears to be Collatz
and Sinogowitz [7] in 1957 who asked for a classification of all finite non-singular graphs.
Recently graph singularity has become relevant in other areas of mathematics too. This
applies to the representation theory of finite groups in particular. For instance, in [6]
Mu¨ller and Neunho¨ffer compute the rank of a certain (extremely large) matrix that is
connected to the Foulkes conjecture and the plethysm of symmetric groups. It is now
evident that the problem of Collatz and Singowitz can not be solved in its original
version, it would simply not be feasible to determine all singular graphs.
Let C be the field of complex numbers. Let G be a finite group. A subset H of G
is called a connecting set if (i) H−1 = {h−1 : h ∈ H} = H, (ii) 1G /∈ H and (iii)
H generates G. In this case we define a graph with vertex set G and two vertices
u, v ∈ G are adjacent, u ∼ v if and only if vu−1 ∈ H. This graph is called the Cayley
graph of G with connecting set H and it is denoted by Cay(G,H). We denote the
group algebra of G over C by CG. Then CG is the vector space over C with basis G
and multiplication defined by extending the group multiplication linearly.
A permutation g of V is an automorphism of Γ if the pair of vertices (ug, vg) forms
an edge in Γ if and only if the pair of vertices (u, v) forms an edge in Γ. Here ug is the
image of u under the action of g. The set of all automorphisms of Γ forms a subgroup
of the symmetric group on V, called the automorphism group of the graph Γ. It is
denoted by Aut(Γ). In this note we consider the singularity problem for graphs which
admit a group G of automorphisms that acts transitively on the vertices of the graph.
We specialize in particular to the case when G is a dihedral group. In this situation
the classification of singular graphs is complete.
To state our results as before Γ is a graph with vertex set V and let G = Dn =
〈a, b|an = b2 = 1, bab = a−1〉 ⊆ Aut(Γ) be the dihedral group of order 2n. We suppose
that G acts transitively on V. We denote the rotation group of G by Cn. Let a be a
generator of Cn and let b ∈ G \ Cn.
We fix a vertex v in V and define the set
H = {g ∈ G : v is adjacent to vg }.
Write H = H ′ ∪ H ′′ where H ′ = H ∩ Cn and H
′′ = H \ H ′. Next we define the
polynomials
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Ψ′(x) =
∑
xk for ak ∈ H ′ (1)
and
Ψ′′(x) =
∑
xk for akb ∈ H ′′ . (2)
Lemma 1.1. Let G = Dn be the dihedral group of order 2n with cyclic subgroup Cn
of order n. Suppose that G acts faithfully and transitively on some set V. Then
(i) |V | = n and Cn acts regularly on V, or
(ii) |V | = 2n and G acts regularly on V while C has two orbits on V.
Proof: Let F be the stabilizer of the point v ∈ V and let X := F ∩Cn. Since Cn is
cyclic the only subgroup of Cn of order |X| is X itself, and in particular, X is normal
in G. By a general lemma on permutation groups, F g = g−1Fg is the stabilizer of vg
for any g ∈ G, and so X = Xg ⊆ F g fixes vg for all g. By transitivity, X fixes any
point of V and that means X = 1G, as F is faithful on V. In particular, |F | = 1 or
|F | = 2. Since |G| = |V ||F | by the orbit stabilizer theorem we have the two options
in the lemma. ✷
The first case, if |V | = n, then we have that Cn acts regularly on V Hence by
Subidussi’s Theorem, see [2, Lemma 3.7.2] as a reference, we have that Γ is a Cayley
graph over Cn with a connecting set H
′ = {g ∈ Cn : v ∼ v
g}. In this case we have that
A is a circulant matrix see the definition in Section 2. The second case, if |V | = 2n
then Γ is a Cayley graph over G with connecting set
H = {g ∈ G : v ∼ vg} (3)
and hence we have that H = H ′ ∪H ′′. Thus for this case A has the following shape:
A =
(Cn Cnb
Cn M N
Cnb N
t M
)
(4)
where M,N are n× n matrices and N t is the transpose of N.
Note, if G = Dn acts transitively on a set V and suppose that the kernel of this action
L is non-trivial. In this case we have that L ⊆ Cn and G/L ∼= Dn˜ for some n˜ < n as
L is a normal subgroup.
In this paper, we determine sufficient conditions for Γ to be singular in both cases. We
prove that the eigenvalues of A are those of (M +N) together with those of (M −N),
when Γ is a Cayley graph over dihedral groups see Theorem 3.1 and we show that
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null(Γ) = null(M +N)+null(M −N), see Corollary 3.2. We prove that Cay(Dps ,H)
is non-singular if the following conditions hold
(1) |H ∩ Cps | 6= |H ∩ Cpsb|;
(2) |H| < p,
where p is a prime number and s ∈ N, see Theorem 3.4.
2 Circulant Matrices
In this section we give the basic ideas and results for circulant matrices. We use the
properties of such matrices in the next section to prove the main results of this work.
Let y = (y0, y1, ..., yn−1) be a vector in C
n. An n × n circulant matrix Y takes the
form
Y =


y0 y1 · · · yn−1
yn−1 y0 · · · yn−2
...
...
. . .
...
y1 y2 · · · y0


and it is denoted by Y = circ(y). The elements of each row of Y are identical to those
of the previous row but are moved one position to the right and wrapped around. Note,
If X,Y are n × n circulant matrices, then rX + sY is n × n circulant matrix where
r, s are constant see [1] as a reference.
The polynomial
Ψ∗Y (x) = y0 + y1x+ y2x
2 + ...+ yn−1x
n−1
is called the associated polynomial of matrix Y, see [1] as a reference. Hence by the
above polynomial we can determine the eigenvalues and the singularity of circulant
matrices as shown in Lemma 2.1 and Lemma 2.2.
Let l be a positive integer and let Ωl be the group of l
th roots of unity, that is
Ωl = {z ∈ C\{0} : z
l = 1}. Then Ωl is a cyclic group of order l with generator e
2pii
l .
Note this is not the only generator of Ωl, indeed any power e
2piim
l where gcd(l,m) = 1
is a generator too. A generator of Ωl is called a primitive l
th root of unity. Let Φl(x)
denote the lth cyclotomic polynomial. Then Φl(x) is the unique irreducible integer
polynomial with leading coefficient 1 so that Φl(x) divides x
l− 1 but does not divide
of xk − 1 for any k < l . Its roots are all primitive lth roots of unity. So
Φl(x) =
∏
1≤m<l
(x− e
2piim
l )
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where gcd(m, l) = 1. Euler’s totient function of l is defined as the number of positive
integer ≤ l that is relatively prime to l and it is denoted by ϕ(l).
Lemma 2.1. [5] Let Y = circ(y) be an n×n circulant matrix. Then the eigenvalues
of Y equal Ψ∗Y (ω
i), for i = 0, 1, ..., n − 1, where ω is a primitive nth root of unity.
Lemma 2.2. [4] Let Y = circ(y) be an n × n circulant matrix. Then Y is singular
if and only if Φd(x) divides Ψ
∗
Y (x), for some divisor d of n where Φd(x) is a d
th
cyclotomic polynomial. Then the nullity of Y is
∑
ϕ(d) where the sum is over all d
such that Φd(x) divides Ψ
∗
Y (x) and ϕ(d) is the Euler’s totient function.
3 The Main Results of this work
In this section we give sufficient conditions for Γ = (V,E) to be singular where V is a
finite set and G = Dn ⊆ Aut(Γ) acts faithfully and transitively on V. We also deter-
mine the nullity of such graphs. We use the properties of the cyclotomic polynomial
and circulant matrices to prove the main results in this paper.
Now we will discuss some aspects about the Cayley graphs over dihedral groups which
are related to our problem. As before G = Dn = 〈a, b|a
n = b2 = 1, bab = a−1〉 is the
dihedral group of order 2n and Cn = 〈a〉 is the cyclic group of order n. Indicate a
Cayley graph over G and a connecting set H by Cay(G,H). Then A has the shape
is shown in Equation 4.
Now we show that N = N t. We define the following linear maps
β : CCn → CCnb,
it is given by
β(ai) =
∑
akb∈H′′
ba−kai
and
βt : CCnb→ CCn,
it is given by
βt(alb) =
∑
akbH′′
ba−kalb.
Note N and N t represents β and βt on the basis of CCn and CCnb respectively.
Let am, amb ∈ G. Then we have that
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β(am) =
∑
akb∈H′′
ba−kam
= ak−mb
(5)
and
βt(amb) =
∑
akb∈H′′
ba−kamb
= ak−m.
(6)
From this we conclude that N = N t. Hence A has the following shape
A =
(Cn Cnb
Cn M N
Cnb N M
)
.
Now we compute the eigenvalues of A as shown:
CA(λ) = det(λI2n −A)
= det
(
λIn −M N
N λIn −M
)
= det
(
λIn −M +N λIn −M +N
N λIn −M
)
= det
(
λIn −M +N 0
N λIn − (M +N)
)
= det(λIn −M +N) · det(λIn − (M +N))
(7)
where 0 is an n × n zero matrix. From this we deduce that the eigenvalues of A are
those of M +N and together with those of M −N.
Theorem 3.1. Let G = Dn = 〈a, b|a
n = b2 = 1, bab = a−1〉 be the dihedral group of
order 2n. Let H be a connecting set for the graph Cay(G,H). Then the eigenvalues
of A are those of M +N together with M −N.
Proof: It is clear by Equation 7. ✷
Corollary 3.2. Let G = Dn = 〈a, b|a
n = b2 = 1, bab = a−1〉 be the dihedral group of
order 2n. Let H be a connecting set for the graph Cay(G,H). Then null(Cay(G,H)) =
null(M +N) + null(M −N).
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Clearly, M is a circulant matrix. Note β is also a circulant map as β(ai) =
∑
akb∈H′′ a
k−ib
from this we conclude that if V = (v0, v1, ..., vn−1) is the first row of N, then the next
row of N will move one position to the left, and wrapped around and so on. From this
we conclude that M+N and M−N are circulant matrices. By the Cayley graph defi-
nition we have that all the elements in the connecting set H of Cay(G,H) are adjacent
to 1G. Hence By Equation 1 and Equation 2 we have the following polynomials
Ψ∗M (x) = Ψ
′(x) =
∑
xk for ak ∈ H ′
and
Ψ∗N (x) = Ψ
′′(x) =
∑
xk for akb ∈ H ′′
are associated to M and N respectively. Thus, the associated polynomial to M +N
and M −N are
∆+(x) = Ψ′(x) + Ψ′′(x)
and
∆−(x) = Ψ′(x)−Ψ′′(x)
respectively.
By this we have the following result.
Theorem 3.3. Let G = Dn = 〈a, b|a
n = b2 = 1G, bab = a
−1〉 be the dihedral group
of order 2n. Let H be a connecting set for the graph Cay(G,H). Then Cay(G,H) is
singular if and only if either Φd(x) divides ∆
+(x) or Φd(x) divides ∆
−(x) for some
divisors d of n and null(Cay(G,H)) =
∑
ϕ(d) where the sum over all d such that
Φd(x) divides ∆
+(x) or ∆−(x).
Theorem 3.4. Let Dps = 〈a, b|a
ps = b2 = 1, bab = a−1〉 be the dihedral group of order
2ps where p is a prime number and s ∈ N. Let H be a connecting set for the graph
Cay(Dps ,H). Then Cay(Dps ,H) is non-singular if the following two conditions hold
(1) |H ∩ Cps | 6= |H ∩Cpsb|;
(2) |H| < p.
Proof: (1) Suppose that the first condition is not held. In this case we have that the
associated polynomial to M −N is
∆−(x) =
∑
aj∈H′
xj −
∑
alb∈H′′
xl.
Note we have that ∆−(1) = 0 as |H ∩ Cps | = |H ∩ Cpsb|. From this we deduce that
Φ1(x) = x− 1 divides ∆
−(x) so by Lemma 2.2 we have that M −N is singular with
nullity 1. Hence by Corollary 3.2 we have that Cay(Dps,H) is singular with nullity
1. Otherwise if this condition is held then Γ is non-singular.
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(2) Now suppose that the first condition hold and |H| < p. Suppose for contradiction
Cay(Dps ,H) is singular. In this case by Theorem 3.3 we have that either Φd(x) di-
vides ∆+(x) or Φd(x) divides ∆
−(x) for some divisor of ps. Note the divisors of ps
are 1, p, p2, ..., ps and by the first condition we have that Φ1(x) is not divided ∆
+(x)
or ∆−(x). By this we have that at least one of the following Cyclotomic polynomials
Φp(x), ...,Φps(x) divides ∆
+(x) or ∆−(x). However by the second condition we have
that the number of terms of ∆+(x) and ∆−(x) is less than p this give us a contradic-
tion as the number of terms in each polynomial of Φp(x), ...,Φps(x) is p
th terms. So
Cay(Dps ,H) is non-singular. ✷
Now we will comeback to our problem and the following result determine the singularity
of Γ.
Theorem 3.5. Let Γ = (V,E) be an undirected graph without loops or multiple edges.
Suppose that the dihedral group G = Dn ⊆ Aut(Γ) acts transitively and faithfully on
V. Then
(i) |V | = n and Γ is singular if and only if Φd(x) divides Ψ
′(x) for some d of n and
null(Γ) =
∑
ϕ(d) where the sum is over all d such that Φd(x) divides Ψ
′(x) or
(ii) |V | = 2n and Γ is singular if and only if Φd(x) divides ∆
+(x) or ∆−(x) for
some divisor d of n and null(Γ) =
∑
ϕ(d) where the sum is over all d such that
Φd(x) divides ∆
+(x) or ∆−(x).
Proof: (i) Suppose that |V | = n. In this case by Subidussi’s Theorem we have that Γ
is a Cayley graph over Cn with connecting set H
′. Hence we have that A is a circulant
matrix and so by Lemma 2.2 we have that A is singular if and only if Φd(x) divides
Ψ′(x) for some divisors d of n.
(ii) Suppose that |V | = 2n. Then by by Subidussi’s Theorem we have that Γ is a
Cayley graph over G with connecting set H as is shown in Equation 3. In this case
we we have that Γ = Cay(G,H) and the proof is completed by applying Theorem 3.3.
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